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ABSTRACT
In this work we are interested in the selfane fratals studied by Gatzouras and Lalley [5℄ and
by the author [8℄ whih generalize the famous general Sierpi«ski arpets studied by Bedford [2℄
and MMullen [10℄. We give a formulae for the Hausdor dimension of sets whih are randomly
generated using a nite number of selfane transformations eah one generating a fratal set as
mentioned before, with some tehnial hypotheses. The hoie of the transformation is random
aording to a Bernoulli measure. The formulae is given in terms of the variational priniple for
the dimension.
Keywords: Hausdor dimension; random; variational priniple
1. Introdution
A main diulty in alulating Hausdor dimension is the phenomenon of non-
onformality whih arises when we have several rates of expansion. In the 1-
dimensional (onformal) setting the omputation of Hausdor dimension is possible,
at least in the uniformly expanding ontext, due to the thermodynami formalism
introdued by Sinai-Ruelle-Bowen (see [3℄ and [12℄). The problem of alulating
Hausdor dimension in the non-onformal setting was rst onsidered by Bedford
[2℄ and MMullen [10℄. They showed independently that for the lass of transfor-
mations alled general Sierpi«ski arpets, there exists an ergodi measure of full
Hausdor dimension. Following these works several extensions have been made,
e.g. in [1℄, [5℄, [6℄, [7℄, [8℄ and [9℄. In this work we are interested in the selfane
fratals studied in [5℄ and [8℄, whih we all selfane Sierpi«ski arpets, namely
we ompute the Hausdor dimension of a random version of these sets, with some
tehnial hypotheses.
Let m ∈ N and onsider the symboli spae I = {1, ...,m}N equipped with
a Bernoulli measure given by the probability vetor p = (p1, ..., pm) (we assume
pi > 0 for all i). This will be our spae to whih random refers to.
For the moment let us x i ∈ {1, ...,m} and remember the onstrution of self
ane Sierpi«ski arpets. Let S1, S2, ..., Sr be ontrations of R
2
. Then there is a
unique nonempty ompat set Λ of R2 suh that
Λ =
r⋃
l=1
Sl(Λ).
We will refer to Λ as the limit set of the semigroup generated by S1, S2, ..., Sr.
Now onsider the sets Λ whih are limit sets of the semigroup generated by the
1
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2-dimensional mappings Aijk given by
Aijk =
(
aijk 0
0 bij
)
x+
(
cijk
dij
)
for (j, k) ∈ Ji, where
Ji = {(j, k) : 1 ≤ j ≤ mi, 1 ≤ k ≤ mij}
is a nite index set. We assume 0 < aijk ≤ bij < 1,
∑mi
j=1 bij ≤ 1 and
∑mij
k=1 aijk ≤
1. Also, 0 ≤ di1 < di2 < ... < dimi < 1 with dij+1 − dij ≥ bij and 1− dimi ≥ bimi ,
and cij1 < cij2 < ... < cijmij < 1 with cij(k+1)− cijk ≥ aijk and 1− cijmij ≥ aijmij .
These hypotheses guarantee that the retangles
Rijk = Aijk([0, 1]
2)
have interiors that are pairwise disjoint, with edges parallel to the x- and y-axes,
are arranged in rows of height bij and have width aijk. Geometrially, Λ is
the limit (in the Hausdor metri), or the intersetion, of n-approximations : the
1-approximation onsisting of the retangles Rijk, the 2-approximation onsist-
ing in replaing eah retangle of the 1-approximation by an ane opy of the
2-approximation, and so on. Formally,
Λ =
∞⋂
n=1
⋃
(j1,k1),...,(jn,kn)∈Ji
Aij1k1 ◦ · · · ◦Aijnkn([0, 1]2).
Now we want to give a random version of this onstrution in suh a way that at
eah step of the approximation we are allowed to hange the number i ∈ {1, ...,m}.
More preisely, given i = (i1, i2, ...) ∈ I, we onsider the random set given by
Λi =
∞⋂
n=1
⋃
(j1,k1)∈Ji1 ,...,(jn,kn)∈Jin
Ai1j1k1 ◦ · · · ◦Ainjnkn([0, 1]2).
Of ourse this onstrution generalizes the previous one by putting i = (i, i, ...).
We will need the following generi hypothesis on the numbers aijk. For eah
t ∈ [0, 1], there exist 1 ≤ i ≤ m and 1 ≤ j < j′ ≤ mi suh that
mij∑
k=1
atijk 6=
mij′∑
k=1
atij′k. (1)
We will also need one of the following robust hypotheses. Let ε > 0. For eah
i ∈ {1, ...,m}, there exist numbers 0 < ai ≤ bi < 1 suh that
(1 + ε)−1 <
bij
bi
< 1 + ε, (1 + ε)−1 <
aijk
ai
< 1 + ε, (2)
or
bij
aijk
< 1 + ε, (3)
for all (j, k) ∈ Ji.
Notation: dimH Λ stands for the Hausdor dimension of a set Λ.
Theorem A. There exists ε > 0 suh that if (1) and (2) or (1) and (3) are satised
then
dimH Λi = sup
P
{λ(P) + t(P)} for p-a.e. i. (4)
where P = (pij) is a olletion of non-negative numbers satisfying
mi∑
j=1
pij = pi, i = 1, ...,m,
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the number λ(P) is given by
λ(P) =
∑
i,j pij log pij −
∑
i pi log pi∑
i,j pij log bij
,
(by onvention: 0 log 0 = 0)
and t(P) is the unique real in [0, 1] satisfying
∑
i,j
pij log
(∑
k
a
t(P)
ijk
)
= 0.
Remark 1. The number λ(P) is the Hausdor dimension in y-axis of the set of
generi points for the distribution P|p; the number t(P) is the Hausdor dimension
of a typial 1-dimensional bre in the x-diretion relative to the distribution P, and
is given by a random Moran formula. Also note that by putting pi = 1 for some i
we get the deterministi ase, i.e. the Hausdor dimension of self-ane Sierpi«ski
arpets (satisfying the tehnial hypotheses).
It follows from the proof of Theorem A (see Lemma 1) that the expression
between brakets in (4) is the Hausdor dimension of a Bernoulli measure µP. Sine
the funtions P 7→ λ(P) and P 7→ t(P) are ontinuous, we obtain the following.
Corollary A. With the same hypotheses of Theorem A, there exists P∗ suh that
dimH Λi = dimH µP∗ for p-a.e. i.
Example 1. Let k be a positive integer and 0 < q < 1. Divide the unit square
into a grid of k × k squares with side length k. Consider the random set Λq
onstruted as before as the limit of n-approximations, suh that at eah step of
a further approximation we use a transformation that orresponds to a grid where
eah square has probability q to belong to this grid. This onstrution diers from
the usual fratal perolation in that the randomness is with respet to the grid
(the transformation) and not on eah square. This onstrution is a partiular
ase of ours if one onsiders all the possible patterns for the seleted squares of
the grids. Namely, the grids onsisting of 1 ≤ l ≤ k2 squares are in the number
of
(
k2
l
)
and we assign to eah of these grids the probability aql(1 − q)k2−l, where
a = (1 − (1 − q)k2 )−1 appears beause we are exluding the ase whih no square
is seleted. Then,
a
k2∑
l=1
(
k2
l
)
ql(1− q)k2−l = 1.
Theorem A says that
dimHΛq =
1
log k
sup
P
{
−
∑
i,j
pij log pij +
∑
i
pi log pi +
∑
i,j
pij logmij
}
a.s.
Using Lagrange multipliers with the restritions
∑
j pij = pi we get that the supre-
mum above is attained at the probability vetor
pij = pi
mij∑
j mij
and
dimH Λq =
∑
i pi log
(∑
j mij
)
log k
=
a
∑k2
l=1
(
k2
l
)
ql(1 − q)k2−l log l
log k
a.s.
Note that in the above formula log k orresponds to the Lyapunov exponent and
log l orresponds to the topologial entropy relative to a grid with l squares, so the
numerator is the average of the entropies of the transformations. In this work we
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are interested in the Hausdor dimension of random fratals in a non-onformal
setting and parameterized by real numbers.
2. Basi results
Here we mention some basi results about fratal geometry and pointwise di-
mension. For proofs we refer the reader to the books [4℄ and [11℄.
We are going to dene the Hausdor dimension of a set F ⊂ Rn. The diameter
of a set U ⊂ Rn is denoted by |U |. If {Ui} is a ountable olletion of sets of
diameter at most δ that over F , i.e. F ⊂ ⋃∞i=1 Ui with |Ui| ≤ δ for eah i, we say
that {Ui} is a δ-over of F . Given t ≥ 0, we dene the t-dimensional Hausdor
measure of F as
Ht(F ) = lim
δ→0
inf
{
∞∑
i=1
|Ui|t : {Ui} is a δ-over of F
}
.
It is not diult to see that there is a ritial value t0 suh that
Ht(F ) =
{
∞ if t < t0
0 if t > t0.
We dene the Hausdor dimension of F , written dimH F , as being this ritial
value t0.
Let µ be a Borel probability measure on Rn. The Hausdor dimension of the
measure µ was dened by L.-S. Young as
dimH µ = inf{dimH F : µ(F ) = 1}.
So, by denition, one has
dimH F ≥ sup{dimH µ : µ(F ) = 1}.
In this paper we are interested in the validity of the opposite inequality in a dy-
namial ontext. In pratie, to alulate the Hausdor dimension of a measure, it
is useful to ompute its lower pointwise dimension:
dµ(x) = lim inf
r→0
logµ(B(x, r))
log r
,
where B(x, r) stands for the open ball of radius r entered at the point x. The
relations between these dimensions are given by the following propositions.
Proposition 1.
(1) If dµ(x) ≥ d for µ-a.e. x then dimH µ ≥ d.
(2) If dµ(x) ≤ d for µ-a.e. x then dimH µ ≤ d.
(3) If dµ(x) = d for µ-a.e. x then dimH µ = d.
Proposition 2. If dµ(x) ≤ d for every x ∈ F then dimH F ≤ d.
3. Proof of Theorem A
Part 1: dimH Λi ≥ supP{λ(P) + t(P)}
There is a natural symboli representation assoiated with our system that
we shall desribe now. Given i = (i1, i2, ...), onsider the sequene spae Ωi =∏∞
n=1 Jin . Elements of Ωi will be represented by ω = (ω1, ω2, ...) where ωn =
(jn, kn) ∈ Jin . Given ω ∈ Ω and n ∈ N, let ω(n) = (ω1, ω2, ..., ωn) and dene the
ylinder of order n,
Ciω(n) = {ω′ ∈ Ωi : ω′l = ωl, l = 1, ..., n},
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and the basi retangle of order n,
Riω(n) = Ai1ω1 ◦Ai2ω2 ◦ · · · ◦Ainωn([0, 1]2).
We have that (Ri
ω(n))n is a dereasing sequene of losed retangles having edges
with length
∏n
l=1 biljl and
∏n
l=1 ailjlkl . Thus
⋂∞
n=1R
i
ω(n) onsists of a single point
whih belongs to Λi that we denote by χi(ω). This denes a ontinuous and surje-
tive map χi : Ωi → Λi whih is at most 4 to 1, and only fails to be a homeomorphism
when some of the retangles Rijk have nonempty intersetion.
We shall onstrut probability measures µP,i supported on Λi with
dimH µP,i = λ(P) + t(P) for p-a.e. i.
This gives what we want beause dimH Λi ≥ dimH µP,i.
Let µ˜P,i be the Bernoulli measure on Ωi suh that
µ˜P,i(C
i
ω(n)) =
n∏
l=1
piljl
pil
a
t(P)
iljlkl∑
k a
t(P)
iljlk
.
Let µP,i be the probability measure on Λi whih is the pushforward of µ˜P,i by χi,
i.e. µP,i = µ˜P,i ◦ χ−1i .
For alulating the Hausdor dimension of µP,i we shall onsider some spe-
ial sets alled approximate squares. Given ω ∈ Ωi and n ∈ N suh that n ≥
(logmin aijk)/(logmax bij), dene
Ln(ω) = max
{
k ≥ 1 :
n∏
l=1
biljl ≤
k∏
l=1
ailjlkl
}
(5)
and the approximate square
Bn(ω) = {ω′ ∈ Ωi : j′l = jl, l = 1, ..., n and k′l = kl, l = 1, ..., Ln(ω)} .
We have that eah approximate square Bn(ω) is a nite union of ylinder sets,
and that approximate squares are nested, i.e., given two, say Bn(ω) and Bn′(ω
′),
either Bn(ω) ∩ Bn′(ω′) = ∅ or Bn(ω) ⊂ Bn′(ω′) or Bn′(ω′) ⊂ Bn(ω). Moreover,
χi(Bn(ω)) = B˜n(ω) ∩ Λi where B˜n(ω) is a losed retangle in R2 with edges par-
allel to the oordinate axes, with vertial length
∏n
l=1 biljl and horizontal length∏Ln(ω)
l=1 ailjlkl . By (5),
1 ≤
Ln(ω)∏
l=1
ailjlkl
n∏
l=1
biljl
≤ max a−1ijk, (6)
hene the term approximate square. It follows from (6) that∑Ln(ω)
l=1 log ailjlkl∑n
l=1 log biljl
= 1 +
1
n
∑Ln(ω)
l=1 log ailjlkl −
∑n
l=1 log biljl
1
n
∑n
l=1 log biljl
→ 1. (7)
Also observe that Ln(ω) ≤ n and Ln(ω)→∞ as n→∞.
Lemma 1. dimH µP,i = λ(P) + t(P) for p-a.e. i.
Proof. To alulate the Hausdor dimension of µP,i we are going alulate its point-
wise dimension and use Proposition 1. Remember that χi(Bn(ω)) = B˜n(ω) ∩ Λi
where, by (6), B˜n(ω) is approximately a ball in R
2
with radius
∏n
l=1 biljl , and
that
µP,i(B˜n(ω)) = µ˜P,i(Bn(ω)).
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Also, χi is at most 4 to 1. Taking this into aount, by Proposition 1 together with
[11, Theorem 15.3℄, one is left to prove that
lim
n→∞
log µ˜P,i(Bn(ω))∑n
l=1 log biljl
= λ(P) + t(P) for µ˜P,i-a.e. ω and p-a.e. i.
It follows from the denition of µ˜P,i that, for µ˜P,i-a.e ω, piljl > 0 for every l, so we
may restrit our attention to these ω. We have that
µ˜P,i(Bn(ω)) =
n∏
l=1
piljl
pil
Ln(ω)∏
l=1
a
t(P)
iljlkl∑
k a
t(P)
iljlk
and
log µ˜P,i(Bn(ω))∑n
l=1 log biljl
=
∑n
l=1 log
piljl
pil∑n
l=1 log biljl
+ t(P)
∑Ln(ω)
l=1 log ailjlkl∑n
l=1 log biljl
−
1
Ln(ω)
∑Ln(ω)
l=1 log
(∑
k a
t(P)
iljlk
)
n
Ln(ω)
1
n
∑n
l=1 log biljl
=
αn
βn
+ t(P) γn − δn
θn
.
That γn → 1 follows from (7). Now we an write
αn =
∑
i,j
P (ω, n, (i, j))
n
log
pij
pi
,
where
P (ω, n, (i, j)) = ♯{1 ≤ l ≤ n : (il, jl) = (i, j)}.
By Kolmogorov's Strong Law of Large Numbers (KSLLN),
P (ω, n, (i, j)
n
→ pij for P-a.e. ω,
so
αn →
∑
i,j
pij log pij −
∑
i
pi log pi for P-a.e. ω.
In the same way,
βn →
∑
i,j
pij log bij for P-a.e. ω,
and, by the denition of t(P),
δn → 0 for P-a.e. ω.
Sine n/Ld−1n (ω) ≥ 1, we have that |θn| ≥ log (min b−1ij ) > 0, so we also have that
δn
θn
→ 0 for P-a.e. ω,
thus ompleting the proof. 
As notied in the beginning of this Part, these lemmas imply
dimH Λi ≥ sup
P
{λ(P) + t(P)} for p-a.e. i.
Part 2: dimH Λi ≤ supP{λ(P) + t(P)}
Let t = minP t(P) and t = maxP t(P). Also let P be the spae of probability
vetors P = (pij) as before (projeting onto p) suh that pij > 0 for all (i, j).
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Lemma 2. Given t ∈ (t, t), there exists a probability vetor P = P(t) ∈ P, ontin-
uously varying, suh that t(P) = t and
pij = pi b
λ(P)
ij
(∑
k
atijk
)α (∑
j
b
λ(P)
ij
(∑
k
atijk
)α)−1
,
where α = α(t) ∈ R is C1. Moreover, dα/dt > 0 whenever α ∈ [0, 1], and α(t) →
−∞ when t→ t and α(t)→∞ when t→ t.
Proof. Given α, λ ∈ R and t ∈ (t, t), we dene a probability vetor P(α, λ, t) ∈ P
by
pij(α, λ, t) = pi b
λ
ij
(∑
k
atijk
)α
γi(α, λ, t)
−1
(8)
where
γi(α, λ, t) =
∑
j
bλij
(∑
k
atijk
)α
.
Let F be the ontinuous funtion dened by
F (α, λ, t) =
∑
i,j
pij(α, λ, t) log
(∑
k
atijk
)
. (9)
We are going to prove there exists a unique α = α(λ, t), ontinuously varying, suh
that F (α, λ, t) = 0, i.e. t(P(α, λ, t)) = t.
Uniqueness. We have that,
∂pij
∂α
= log
(∑
j
atijk
)
pij − 1
γi
∂γi
∂α
pij .
Also,
1
γi
∂γi
∂α
=
∑
j
pij
pi
log
(∑
k
atijk
)
. (10)
So,
∂F
∂α
=
∑
i,j
∂pij
∂α
log
(∑
k
atijk
)
=
∑
i
pi


∑
j
pij
pi
(
log
(∑
k
atijk
))2
−
(∑
j
pij
pi
log
(∑
k
atijk
))2
 . (11)
By the Cauhy-Shwarz inequality we have that the expression between urly brak-
ets is non-negative and and is positive if there exists i ∈ {1, ...,m} suh that the
funtion
j 7→
∑
k
atijk
is non-onstant (note that P ∈ P). This is guaranteed by hypothesis (1). Thus
∂F/∂α > 0.
Existene. For xed (λ, t), we will look at the limit distributions of P(α) =
P(α, λ, t) as α goes to +∞ and −∞. We see that t and t are the unique solutions
of the following equations, respetively,∑
i
pi log
(
min
j
∑
k
atijk
)
= 0
∑
i
pi log
(
max
j
∑
k
atijk
)
= 0. (12)
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For instane, if t∗ is the solution of (12) then t∗ = t(P) where pij = piδij(i) where
the maximum appearing in (12) is attained at j(i), so t ≥ t∗. On the other hand,
for all P ∑
i
pi
∑
j
pij
pi
log
(∑
k
at∗ijk
)
≤
∑
pi log
(
max
j
∑
k
at∗ijk
)
= 0
whih implies that t(P) ≤ t∗, and so t ≤ t∗. Now, for t ∈ (t, t), let
Ai,t = max
j
∑
k
atijk.
Then ∑
i,j
pij(α) log
(∑
k
atijk
)
−→
α→∞
∑
i
pi logAi,t > 0. (13)
In the same way, dening
Bi,t = min
j
∑
k
atijk,
we have ∑
i,j
pij(α) log
(∑
k
atijk
)
−→
α→−∞
∑
i
pi logBi,t < 0. (14)
By (13), (14) and ontinuity, there exists α ∈ R suh that F (α, λ, t) = 0. The onti-
nuity of α(λ, t) follows from the uniqueness part and the impliit funtion theorem.
Atually, sine F (α, λ, t) is ontinuously dierentiable, so is α(λ, t). Observe that
t(P) = t⇒ P ∈ ∂P (in this lemma we are assuming t < t), so sine
t(P(α(λ, t))) → t when t→ t
then
P(α(λ, t)) → ∂P when t→ t,
whih implies
α(λ, t) →∞ when t→ t
(this onvergene is uniform in λ ∈ [0, 1]). In the same way we see that
α(λ, t)→ −∞ when t→ t.
We use the following notation θ(λ, t) = (α(λ, t), λ, t). We see that
λ(P(θ)) = λ−
∑
i pi log γi(θ)∑
i,j pij log bij
.
So, we are left to prove there exists λ = λ(t), ontinuously varying, suh that
G(θ) =
∑
i
pi log γi(θ) = 0. (15)
We have that
∂
∂λ
∑
i
pi log γi(θ) =
∑
i
pi
1
γi(θ)
∂
∂λ
γi(θ)
=
∑
i
pi
(
1
γi(θ)
∂γi
∂α
(θ)
∂α
∂λ
+
1
γi(θ)
∂γi
∂λ
(θ)
)
=
∑
i
pi
1
γi(θ)
∂γi
∂λ
(θ)
where we have used (10). Now
1
γi(θ)
∂γi
∂λ
(θ) =
∑
j
pij(θ)
pi
log bij , (16)
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so
∂
∂λ
∑
i
pi log γi(θ) =
∑
i,j
pij(θ) log bij ≤ max
i,j
log bij < 0,
and, as before, by the impliit funtion theorem, this implies there exists a unique
λ = λ(t), ontinuously varying, satisfying (15).
To onlude the proof we must see that dα/dt > 0 whenever α ∈ [0, 1]. We have
dα
dt
=
∂α
∂t
+
∂α
∂λ
∂λ
∂t
Remember the denition of F from (9). Then
∂α
∂t
= −
(
∂F
∂α
)−1
∂F
∂t
where omputation shows that
∂F
∂t
=
∑
i,j
pij
∑
k a
t
ijk log aijk∑
k a
t
ijk
(17)
+ α
∑
i
pi
{∑
j
pij
pi
∑
k a
t
ijk log aijk∑
k a
t
ijk
log
(∑
k
atijk
)
−
(∑
j
pij
pi
∑
k a
t
ijk log aijk∑
k a
t
ijk
)(∑
j
pij
pi
log
(∑
k
atijk
))}
.
Also
∂α
∂λ
= −
(
∂F
∂α
)−1
∂F
∂λ
and
∂F
∂λ
=
∑
i
pi
{∑
j
pij
pi
log bij log
(∑
k
atijk
)
(18)
−
(∑
j
pij
pi
log bij
)(∑
j
pij
pi
log
(∑
k
atijk
))}
.
It follows from (15) that
∂λ
∂t
= −
(
∂G
∂λ
)−1
∂G
∂t
= −α
∑
i,j pij
P
k a
t
ijk log aijkP
k a
t
ijk∑
i,j pij log bij
.
Now using hypothesis (2), in the limit ase when ε→ 0 we get
∂F
∂t
→
∑
i
pi log ai < 0
whih implies ∂α/∂t > 0 (remember that ∂F/∂α > 0). Also ∂F/∂λ and thus
∂α/∂λ goes to 0, and ∂λ/∂t is bounded. This implies dα/dt > 0 whih still holds
if ε > 0 is small enough. Now using hypothesis (3), in the limit ase when ε → 0
we get
dα
dt
→ −
(
∂F
∂α
)−1∑
i,j
pij log bij > 0,
whih still holds if ε > 0 is small enough. 
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Remark 2. We note that hypotheses (1)-(3) were only used in the previous lemma.
Namely, hypothesis (1) was used to prove that ∂F/∂α > 0, see (11), and hypothesis
(2) or (3) was used to prove that dα/dt > 0, see (17) and (18). Do we really need
these hypotheses?
Let s = supP{λ(P) + t(P)}.
Lemma 3. For p-a.e. i and for every ω ∈ Ωi there exists P ∈ P suh that
lim inf
n→∞
log µ˜P,i(Bn(ω))∑n
l=1 log biljl
≤ s.
Proof. Fix i and ω ∈ Ωi. We use the notation
dP,i,n(ω) =
log µ˜P,i(Bn(ω))∑n
l=1 log biljl
.
Then it follows from the proof of Lemma 1 that, if P ∈ P ,
dP,i,n(ω) =
∑n
l=1 log piljl −
∑n
l=1 log pil∑n
l=1 log biljl
(19)
+ ηn(ω)t(P) −
∑Ln(ω)
l=1 log
(∑
k a
t(P)
iljlk
)
∑n
l=1 log biljl
where
ηn(ω) =
∑Ln(ω)
l=1 log ailjlkl∑n
l=1 log biljl
−→
n→∞
1.
Given t ∈ (t, t), onsider the probability vetor P(t), suh that t(P(t)) = t, given
by Lemma 2. Applying (19) to P(t) we obtain
dP(t),i,n(ω) = λ(P(t)) + ηn(ω)t−
∑n
l=1 log γil(t)∑n
l=1 log biljl
(20)
+
α(t)
∑n
l=1 log
(∑
k a
t
iljlk
)
−∑Ln(ω)l=1 log(∑k atiljlk
)
∑n
l=1 log biljl
,
where, by KSLLN and (15),
1
n
n∑
l=1
log γil(t)→
∑
i
pi log γi(t) = 0 for p-a.e. i.
So we must prove that there exists t∗ ∈ (t, t) suh that
lim sup
n→∞
1
n
{
α(t∗)
n∑
l=1
log
(∑
k
at∗iljlk
)
−
Ln(ω)∑
l=1
log
(∑
k
at∗iljlk
)}
≥ 0. (21)
By Lemma 2 and the inverse funtion theorem, given a ∈ [0, 1], there exists a
unique funtion t(a) ∈ (t, t), whih is ontinuous, inreasing in a and satises
α(t(a)) = a. (22)
Let
a0 = lim inf
n→∞
Ln(ω)
n
, a1 = lim sup
n→∞
Ln(ω)
n
,
and
t0 = t(a0), t1 = t(a1).
Let
an =
Ln(ω)
n
and tn = t(an).
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Then, by Lemma 5 (and Remark 3), for every t ∈ [t0, t1]
F (t) = lim sup
n→∞
1
n
{
an
n∑
l=1
log
(∑
k
atiljlk
)
−
Ln(ω)∑
l=1
log
(∑
k
atiljlk
)}
≥ 0. (23)
Sine, for all (i, j),
t 7→ log
(∑
k
atijk
)
(24)
are ontinuous funtions, so is F (t). By adding some onstant, we may assume the
funtions in (24) are ≥ 1, beause by denition of an this does not hange F (t).
Note that, by (22), an = α(tn), and let t¯(t) be the biggest aumulation point of
(tn) for whih the lim sup in (23) is attained. The ontinuity of F and the funtions
in (24) imply that t¯(t) is also ontinuous. So
F (t) = lim sup
n→∞
1
n
{
α(t¯(t))
n∑
l=1
log
(∑
k
atiljlk
)
−
Ln(ω)∑
l=1
log
(∑
k
atiljlk
)}
.
Sine
t¯ : [t0, t1]→ [t0, t1]
is ontinuous, by Brouwer's xed point theorem there is t∗ ∈ [t0, t1] suh that
t¯(t∗) = t∗, thus proving (21). 
Part 2 will be onluded in the following lemma.
Lemma 4. For p-a.e. i,
dimH Λi ≤ sup
P
{λ(P) + t(P)}.
Proof. Let i be as in Lemma 3. Let ε > 0. Consider the approximate squares of
order n given by Bn(z) = χi(Bn(ω)) where ω ∈ χ−1i (z), z ∈ Λi, n ∈ N. Then it
follows from Lemma 3 that
∀z∈Λi ∀N∈N ∃n>N ∃P∈P :
logµP,i(Bn(z))
log |Bn(z)| ≤ s+ ε. (25)
Given δ, η > 0, we shall build a over Uδ,η of Λi by sets with diameter < η suh
that ∑
U∈Uδ,η
|U |s+ε+2δ ≤
√
2 max a−1ijkMδ
where Mδ is an integer depending on δ but not on η. This implies that dimH Λi ≤
s+ε+2δ whih gives what we want beause ε and δ an be taken arbitrarily small.
Let b = max bij < 1. It is lear, using ompatness arguments and the ontinuity
of P 7→ t(P), that there exists a nite number of Bernoulli measures µ1, ..., µMδ
suh that
∀P ∃k∈{1,...,Mδ} :
µP,i(Bn)
µk(Bn)
≤ b−δn
for all approximate squares of order n, Bn. By (25), we an build a over of Λi by
approximate squares Bn(zl), l = 1, 2, ... that are disjoint and have diameters < η,
suh that
µPl,i(Bn(zl)) ≥ |Bn(zl)|s+ε+δ
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for some probability vetors Pl. It follows that∑
l
|Bn(zl)|s+ε+2δ ≤
∑
l
µPl,i(Bn(zl)) |Bn(zl)|δ
≤
∑
l
µkl(Bn(zl)) b
−δn(zl)
√
2 max a−1ijk b
δn(zl)
≤
√
2 max a−1ijk
Mδ∑
k=1
∑
l
µk(Bn(zl)) ≤
√
2 max a−1ijk Mδ
as we wish. 
This ends the proof of Theorem A.
4. A alulus lemma
Lemma 5. Let f : (0,∞)→ R be a Lipshitz funtion and α : (0,∞)→ R a positive
bounded funtion. Then
lim sup
u→∞
1
u
(
α(u)f(u)− f(α(u)u)
)
≥ 0. (26)
Proof. Let g : (0,∞) → R be dened by g(x) = e−xf(ex). Then g is bounded and
we must see that
lim sup
x→∞
α(ex)
(
g(x)− g(x+ logα(ex))
)
≥ 0. (27)
Just take a sequene xn →∞ suh that
lim sup
x→∞
g(x) = lim
n→∞
g(xn).

Remark 3. Lemma 5 also works when the funtions f and α are dened only
on the positive integers, by extending them in a pieewise linear fashion, if we
substitute f being Lipshitz by
|f(n+ 1)− f(n)| ≤ C
for all n, for some onstant C > 0.
In what follows we make some extensions of Lemma 5 whih are not used in this
paper but should be useful when one tries to extend this paper to higher dimensions
(see the problem proposed at the end of this setion).
The next lemma is a non-linear extension of [7, Lemma 4.1℄ whih was used to
ompute the Hausdor dimension of multidimensional versions of general Sierpi«ski
arpets.
Lemma 6. Let fk : (0,∞) → R be Lipshitz funtions for k = 1, 2, ..., r, and
suppose αk : (0,∞)→ R is bounded, C1 and there exist positive onstants δ, C suh
that
• αk(u) > δ, for u > 0 (28)
• |uα′k(u)| → 0 as u→∞. (29)
Then
lim sup
u→∞
1
u
r∑
k=1
(
αk(u)fk(u)− fk(αk(u)u)
)
≥ 0. (30)
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Proof. As before and following [7℄, we dene gk : (0,∞)→ R by gk(x) = e−xfk(ex)
for k = 1, ..., r. Then we must see that
lim sup
x→∞
r∑
k=1
αk(e
x)
(
gk(x)− gk(x+ logαk(ex))
)
≥ 0. (31)
We will see that ∣∣∣∣∣
∫ b(u)
u
r∑
k=1
αk(e
x)
(
gk(x)− gk(x+ logαk(ex))
)
dx
∣∣∣∣∣ (32)
is bounded in u, for some b(u) > u with b(u) − u → ∞ as u → ∞, whih implies
(31).
Let ξ(u) be a dereasing funtion onverging to 0 as u→∞ suh that |uα′k(u)| ≤
ξ(u) for u > 0 (ξ(u) = max{|xα′k(x)| : x ≥ u} will do). Then using (29) and
b(u) = u+ ξ(eu)−1
we get that ∫ b(u)
u
|α′k(ex) ex| ≤ 1. (33)
Note that the funtions gk are bounded beause the funtions fk are Lipshitz.
Using the intermediate value theorem and (33) we obtain∣∣∣∣∣
r∑
k=1
∫ b(u)
u
(
αk(e
x)− αk(ex+logαk(ex))
)
gk(x+ logαk(e
x)) dx
∣∣∣∣∣ ≤M
for u > 0 and some M > 0. So, (32) is bounded by M plus∣∣∣∣∣
∫ b(u)
u
r∑
k=1
(
αk(e
x)gk(x) − αk(ex+logαk(e
x))gk(x+ logαk(e
x))
)
dx
∣∣∣∣∣ . (34)
By doing the hange of oordinates y = x+logαk(e
x), whih is invertible for x > a,
for some a > 0, due to onditions (28) and (29), (34) beomes∣∣∣∣∣
r∑
k=1
(∫ b(u)
u
αk(e
x)gk(x) dx
−
∫ b(u)+logαk(eb(u))
u+logαk(eu)
αk(e
y)gk(y)
αk(e
x(y))
αk(ex(y)) + α′k(e
x(y))ex(y)
dy
)∣∣∣∣∣
≤
r∑
k=1
∣∣∣∣∣
∫ u+logαk(eu)
u
αk(e
x)gk(x) dx
∣∣∣∣∣ +
r∑
k=1
∣∣∣∣∣
∫ b(u)
b(u)+logαk(eb(u))
αk(e
x)gk(x) dx
∣∣∣∣∣ (35)
+
r∑
k=1
∣∣∣∣∣
∫ b(u)+logαk(eb(u))
u+logαk(eu)
αk(e
y)gk(y)
α′k(e
x(y))ex(y)
αk(ex(y)) + α′k(e
x(y))ex(y)
dy
∣∣∣∣∣. (36)
The terms in (35) are bounded beause the funtions gk and αk are bounded.
That (36) is also bounded follows from (33). Thus (32) is bounded, onluding the
proof. 
Corollary 1. Suppose in addition to Lemma 6 hypotheses there are funtions
βk : (0,∞)→ R, k = 1, ..., r satisfying the same hypotheses of αk. Then
lim sup
u→∞
1
u
r∑
k=1
(αk(u)
βk(u)
fk(βk(u)u)− fk(αk(u)u)
)
≥ 0.
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Proof. Dene gk : (0,∞)→ R by gk(u) = fk(βk(u)u). Sine the funtions βk satisfy
the same onditions (28) and (29) as αk, we an easily see that the funtions
αk
βk
also do satisfy them, and that gk are Lipshitz funtions. Sine
αk(u)
βk(u)
fk(βk(u)u)− fk(αk(u)u) = αk(u)
βk(u)
gk(u)− gk(αk(u)
βk(u)
u),
we an apply Lemma 6. 
Unfortunately, Lemma 6 does not hold when we substitute hypothesis (29) by
the weaker one
|uα′k(u)| ≤ C (37)
for u > 0, for some onstant C > 0. This is shown in the next example whih was
kindly ommuniated to me by Gustavo Moreira (Gugu).
Example 2. Let h(x) and c(x) be bounded C1 funtions with bounded derivative
and c(x) > b for all x > 0, for some b > 0. Then f(x) = xh(log x) is a Lipshitz
funtion and α(x) = c(log x) satises hypotheses (28) and (37). We have that
α(u)f(u)− f(α(u)u) = uc(log u)(h(log u)− h(log u+ log c(log u))).
If we put h(x) = sinx and c(x) = ecosx, we have that α(u)f(u)− f(α(u)u) ≤ 0 for
all u > 0. Taking hk(x) = h(x + kπ/2), ck(x) = c(x + kπ/2), fk(x) = xhk(log x)
and αk(x) = ck(log x) for k = 1, 2, we have that
1
u
r∑
k=1
(
αk(u)fk(u)− fk(αk(u)u)
)
≤ −δ
for all u > 0, for some δ > 0.
Problem: Does Lemma 6 hold with hypothesis (37) instead of (29), for generi
fk and αk ?
If the answer to this problem is armative in some sense then we believe we an
ompute the Hausdor dimension of generi selfane Sierpi«ski sponges whih
are the 3-dimensional versions of the selfane Sierpi«ski arpets.
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